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Abstract
We present a translation procedure from Symmetric Pat-
tern Matching (SPM) isomorphisms to executable quantum
programs in Ket. Our approach exploits the preservation
structure of pattern-matching clauses to identify control con-
figurations, allowing high-level specifications to be rewritten
as controlled quantum operations. Isomorphisms are first
interpreted as unitary operators and then translated into Ket
through a multiplexer-based decomposition, while single-
qubit leaf operations are synthesized via ZYZ decomposition.
As a first step toward compiling the full SPM framework,
we restrict our attention to finite types and to isomorphisms
whose non-controlled leaf operations act on a single qubit.
This work contributes to bridging high-level reversible pro-
gramming abstractions and practical quantum programming
frameworks.
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1 Introduction
Quantum programming languages provide high-level ab-
stractions for expressing quantum algorithms through mech-
anisms such as functional programming, type systems, alge-
braic data types, and reversible computation [1, 6, 13, 16, 17].
However, quantum programs must ultimately be translated
into executable circuit descriptions compatible with concrete
software frameworks and hardware backends, making com-
pilation a central challenge in quantum programming.
This work focuses on the compilation of Symmetric Pat-

tern Matching (SPM) into Ket. SPM is a reversible and func-
tional quantum programming paradigm in which computa-
tions are described through isomorphisms represented as
collections of symmetric pattern-matching clauses [14]. The
language supports quantum control and linear combinations
of values while preserving reversibility at the syntactic level,
combining ideas from reversible programming languages [8]
and linear-algebraic approaches to quantum computation
[2, 18, 19]. Ket provides a suitable compilation target due
to its support for controlled operations, gate synthesis, and
programmatic circuit construction [5].

The central observation explored in this work is that fi-
nite SPM isomorphisms admit a natural matrix representa-
tion [14]. By interpreting the clauses of an isomorphism over
all basis values of its input type, a corresponding unitary
matrix can be constructed. Moreover, preservation patterns
appearing in the clauses reveal control structures that in-
duce a quantum multiplexer interpretation [4, 7, 11]. This
representation can be systematically translated into Ket code
through controlled operations. For the subset of the lan-
guage considered in this work, where non-controlled leaf
operations act on a single qubit, the resulting operators are
synthesized through ZYZ decomposition [12]. This compi-
lation strategy is closely related to the Quantum Shannon
Decomposition [15], but the multiplexing structure is in-
ferred directly from the syntactic organization of clauses.
The compilation procedure presented here constitutes a

first step towards connecting SPM to an executable quantum
programming platform. Future extensions should address
arbitrary multi-qubit operators through more general syn-
thesis techniques such as KAK decomposition [9], as well as
recursive structures and infinite types.
The remainder of this paper is organized as follows. Sec-

tion 2 introduces the syntax of SPM. Section 3 presents the
semantic interpretation of values and their initialization pro-
cedure. Section 4 describes the compilation pipeline, includ-
ing matrix extraction, control identification, multiplexer con-
struction, and gate synthesis. Section 5 discusses future work,
and Section 6 concludes the paper.

2 Symmetric Pattern Matching
The language is constructed from a collection of basic and
compound types [14]. At its core, SPM includes the primitive
unit type 1, which has exactly one value denoted by (),
together with the product type 𝑎 ⊗ 𝑏, representing pairs
of values, and the sum type 𝑎 ⊕ 𝑏, representing a choice
between values of type a or b. From these constructions,
Boolean values emerge naturally as

B = 1 ⊕ 1.

This definition induces the computational basis values

ff = inj𝑙 () : B, tt = inj𝑟 () : B,
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which correspond respectively to the computational basis
states |0⟩ and |1⟩. Through tensor composition and sum con-
structions, larger computational spaces can then be defined.

Quantum gates are represented in SPM as isomorphisms,
defined through collections of reversible pattern-matching
clauses. An isomorphism has type 𝑎 ↔ 𝑏, representing a
unitary transformation between the associated spaces J𝑎K
and J𝑏K, by J·K meaning the semantic interpretation of a type.

As an example, theHadamard transformation over Boolean
values can be expressed as

𝐻 : B ↔ B := ©­«
ff ↔ 1√

2
ff + 1√

2
tt

tt ↔ 1√
2
ff − 1√

2
tt

ª®¬ .
To formalize these constructions, we now present the com-

plete grammar of the language.

Val & term types 𝑎, 𝑏 ::= 1 | 𝑎 ⊕ 𝑏 | 𝑎 ⊗ 𝑏

Iso types 𝑇 ::= 𝑎 ↔ 𝑏

Pure values 𝑣 ::= () | 𝑥 | inj𝑙 𝑣 | inj𝑟 𝑣 |
⟨𝑣1, 𝑣2⟩

Combination of values 𝑒 ::= 𝑣 | 𝑒1 + 𝑒2 | 𝛼 · 𝑒
Products 𝑝 ::= 𝑥 | ⟨𝑝1, 𝑝2⟩

Extended Values 𝑒 ::= 𝑣 | let 𝑝1 = 𝜔 𝑝2 in 𝑒

Isomorphisms 𝜔 ::=


𝑣0 ↔ 𝑒0
𝑣1 ↔ 𝑒1
· · ·

Terms 𝑡 ::= 𝑣 | 𝜔 𝑡

where 𝛼 ∈ C is a complex amplitude and 𝑥 represents a
variable. This grammar defines the syntactic structure nec-
essary to construct unitary transformations and quantum
states.
To verify the validity of an isomorphism, the semantics

of SPM requires the linear transformation associated with
an iso 𝜔 , denoted by J𝜔K, to be unitary. In practice, this
corresponds to verifying the orthonormality of the quantum
states induced by its clauses.

Formally, let |𝑣𝑖⟩ be the output state vector associated with
the 𝑖-th clause of an isomorphism. The following conditions
must hold:

⟨𝑣𝑖 | 𝑣𝑖⟩ = 1 ∀𝑖,
⟨𝑣𝑖 | 𝑣 𝑗 ⟩ = 0 ∀𝑖 ≠ 𝑗 .

The first condition ensures normalization preservation,
while the second guarantees orthogonality between distinct
clauses [8]. However, these conditions alone are not suffi-
cient to characterize a valid unitary transformation, since
the induced operator must additionally be exhaustive over
the computational basis [14]. In particular, every basis value
must be matched by exactly one clause.

When variables occur in patterns, linearity further re-
quires that bound variables are preserved structurally [2].
In particular, a variable appearing on the left-hand side of
a clause may occur exactly once on the right-hand side ex-
pression. Otherwise, the transformation could implicitly du-
plicate or erase quantum information, violating reversibility
and unitarity. This restriction is consistent with the quantum
no-cloning theorem, which states that arbitrary quantum
states cannot be copied by a unitary transformation [12].
Together, normalization preservation, orthogonality, ex-

haustiveness, and the linearity of clauses ensure that their
collection defines a valid unitary transformation over the
computational basis.

For example, the controlled-𝑋 gate may be expressed as

𝐶𝑋 : B ⊗ B ↔ B ⊗ B :=
©­­­«
⟨ff, a⟩ ↔ ⟨ff, a⟩

⟨tt, a⟩ ↔ let na = 𝑋 a
in ⟨tt, na⟩

ª®®®¬ .
where the variable “a” is preserved linearly across both

clauses. The let...in... construct simply binds the value re-
sulting from the expression𝑋 a to a new variable “na”, which
is later used to construct the output ⟨tt, na⟩.

3 Translating Finite-Typed Values and
Terms

For every finite type 𝑎, the SPM type system associates a
finite Hilbert space J𝑎K, whose dimension is determined from
its type structure [14]. We denote the dimension induced by a
type𝑎 as |𝑎 |. The dimension induced by each type constructor
is summarized in Table 1. When compiling SPM programs

Table 1: Dimension function induced by SPM types

Type Dimension

1 1
𝑎 ⊕ 𝑏 |𝑎 | + |𝑏 |
𝑎 ⊗ 𝑏 |𝑎 | · |𝑏 |

into Ket, the induced Hilbert spaces must be represented
using qubit registers. Since a register of 𝑛 qubits represents
a space of dimension 2𝑛 [12], arbitrary finite types must be
embedded into the smallest power-of-two space capable of
representing them.
Formally, the number of qubits required to represent all

values of type 𝑎 is 𝑞(𝑎) =
⌈
log2 |𝑎 |

⌉
. Consequently, the ef-

fective Hilbert space used during execution has dimension
2𝑞 (𝑎) . If |𝑎 | is not itself a power of two, we introduce unused
computational basis states.
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For example, the type T = 1 ⊕ 1 ⊕ 1 has a dimension
|T| = 3, but requires 𝑞(T) =

⌈
log2 3

⌉
= 2 qubits for rep-

resentation. Thus, the original three-dimensional space is
embedded into a (22 = 4)-dimensional Hilbert space, leaving
one computational basis state unused.
The rewriting process of pure values therefore proceeds

by allocating 𝑞(𝑎) qubits and embedding the basis vector
induced by 𝑎 into the corresponding Hilbert space.

Formally, we define a mapping

L·M𝑎 : B𝑎 ↩→ H 2𝑞 (𝑎)
,

where B𝑎 = {𝑣0, . . . , 𝑣 |𝑎 |−1} denotes the set of basis values
generated by the type 𝑎, and H 2𝑞 (𝑎)

=
(
C2)⊗𝑞 (𝑎) is the re-

quired Hilbert space.
The mapping associates each value of a given type 𝑎 with

a unique basis vector in the target space. Rather than relying
on a fixed syntactic encoding strategy, the conversion is
defined inductively from the ordering induced by the type
structure.
Let 𝜄𝑎 : B𝑎 → {0, . . . , |𝑎 | − 1} be an indexing function

assigning a unique integer to each basis value of type 𝑎.
Then the translation map is defined as

L𝑣M𝑎 = |bin(𝜄𝑎 (𝑣))⟩ ,
where bin(𝑛) denotes the binary representation of the

integer 𝑛 padded to length 𝑞(𝑎).
For example, Boolean values satisfy that

𝜄B (ff) = 0, 𝜄B (tt) = 1,

yielding
LffMB = |0⟩ , LttMB = |1⟩ .

Similarly, for the type

T = 1 ⊕ (1 ⊕ 1),
one possible indexing is

𝜄T (inj𝑙 ()) = 0,
𝜄T (inj𝑟 (inj𝑙 ())) = 1,
𝜄T (inj𝑟 (inj𝑟 ())) = 2,

which induces the embedding
L𝑣0MT = |00⟩ ,
L𝑣1MT = |01⟩ ,
L𝑣2MT = |10⟩ .

The remaining basis state |11⟩ remains unused.
When appearing inside a term (as an isomorphism argu-

ment), a value must be physically prepared for execution.
This motivates a state-preparation procedure for pure terms,
which is induced by the computational basis translation in-
troduced previously.
Since every pure value corresponds uniquely to a com-

putational basis state, the translation process consists of

allocating the required qubits and applying Pauli-𝑋 gates to
initialize those that must be in state |1⟩.
Formally, if L𝑣M𝑎 = |𝑏1 · · ·𝑏𝑞 (𝑎)⟩, then the generated Ket

code allocates the qubits

𝑏1, . . . , 𝑏𝑞 (𝑎) = Process.alloc(𝑞(𝑎)),
and applies

𝑋 (𝑏𝑖 )
for every position 𝑖 such that 𝑏𝑖 = 1.
Table 2 summarizes examples of the rewriting process,

illustrating how SPM values of different types can be con-
verted into their corresponding computational basis states
and translated into Ket code.

The computational basis translation defined for pure val-
ues is also employed during clause compilation, since the
left-hand side of every isomorphism clause is restricted to
pure values. In addition, it is necessary to extend this trans-
lation to combinations of values and scalar multiplications,
as expressions such as

1
√
2
· tt + 1

√
2
· ff

may appear on the right-hand side of clauses.
In this case, the translation extends directly to linear com-

binations of values [3]. In particular, it is compatible with
both vector addition and scalar multiplication:

L𝑣1 + 𝑣2M𝑎 = L𝑣1M𝑎 + L𝑣2M𝑎

L𝛼𝑣M𝑎 = 𝛼L𝑣M𝑎
This translation capability will play an important role in

the next section.

4 Translating Finite-Typed Isomorphisms
Having established how finite SPM values are converted into
computational basis states, we now describe the translation
of finite isomorphisms into executable Ket programs.

The translation process is structured in three stages. First,
the isomorphism is interpreted as a unitary matrix by evalu-
ating its clauses over the computational basis of the input
type. Next, the resulting matrix is analyzed in order to iden-
tify a quantum multiplexing structure through a reordering
of the basis states, induced by its pattern-matching structure.
This decomposition separates control configurations from
the operational subspaces associated with each branch of
the operation.
After the multiplexed structure is obtained, each opera-

tional block must be synthesized into elementary quantum
operations. In the general case, this step may require decom-
position techniques such as KAK, cosine-sine decomposition
(CSD), or other unitary synthesis methods. In the restricted
fragment considered in this work, however, all leaf blocks act
on a single qubit, allowing them to be decomposed through
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Table 2: Examples of SPM values, their semantic interpretation, and their corresponding state initialization in Ket

Type (𝑎) |𝑎 | 𝑞(𝑎) Value (𝑣) L𝑣M𝑎 Ket Code

1 1 0 () – –

B 2 1 tt = inj𝑟 () |1⟩ b0 = Process().alloc(1)
X(b0)

B ⊗ B 4 2 ⟨inj𝑙 (), inj𝑟 ()⟩ |01⟩ b0, b1 = Process().alloc(2)
X(b1)

1 ⊕ B 3 2 inj𝑟 (inj𝑙 ()) |10⟩ b0, b1 = Process().alloc(2)
X(b0)

the ZYZ decomposition and translated directly into Ket as
sequences of elementary rotations and controlled operations.
As this procedure requires evaluating the isomorphism

over every basis state induced by the input type, it is inher-
ently restricted to finite types.

4.1 Unitary Extraction
An isomorphism defined by pattern matching can be trans-
lated into a linear operator constructed from its clauses in-
terpretation.

Given an isomorphism

𝜔 : 𝑎 ↔ 𝑏 := ©­«
𝑝0 ↔ 𝑒0
𝑝1 ↔ 𝑒1
· · ·

ª®¬ ,
each clause 𝑝𝑖 ↔ 𝑒𝑖 specifies the image of the basis states

matching the pattern 𝑝𝑖 .
Let 𝑣 be an element of the basis of the type 𝑎. By exhaus-

tiveness, 𝑣 matches exactly one pattern 𝑝𝑖 .
The matching process induces a context

Γ𝑖,𝑣

containing the bindings introduced by 𝑝𝑖 . More precisely, if

L𝑣M𝑎 = |𝑑0⟩ ⊗ · · · ⊗ |𝑑𝑞 (𝑎)−1⟩ ,

then every variable occurring in 𝑝𝑖 is associated with the
corresponding 𝑑 𝑗 subvalue extracted from 𝑣 . The resulting
context Γ𝑖,𝑣 therefore assigns a concrete value to every vari-
able bound by 𝑝𝑖 . Applying these bindings to 𝑒𝑖 and recur-
sively eliminating let-expressions (described in the next
subsections) eventually yields a pure value

𝑒𝑖 [Γ𝑖,𝑣] .

The resulting expression can then be translated into a
vector of J𝑏K,

|𝑒𝑖,𝑣⟩ = L𝑒𝑖 [Γ𝑖,𝑣]M𝑏 .

Consequently, each basis vector |𝑣⟩ = L𝑣M𝑎 induces the
transformation

|𝑒𝑖,𝑣⟩ ⟨𝑣 | .
The preliminary semantics of the whole isomorphism is

then given by the matrix

J𝜔K◦ =
∑︁
𝑣∈B𝑎

|𝑒𝑖,𝑣⟩ ⟨𝑣 | .

4.1.1 Spatial Completion. As previously discussed, the en-
coding of a type may leave unused basis states in the cor-
responding Hilbert space. For instance, the type T requires
two qubits for its representation, leaving one computational
basis state without an associated value.

In such cases, the matrix obtained from the isomorphism
semantics acts only on the subspace generated by valid val-
ues. To obtain a valid quantum operation, this matrix is
extended to the entire Hilbert space by acting as the identity
on all unused basis states.

Formally, if J𝜔 : 𝑎 ↔ 𝑏K◦ is a 𝑛 × 𝑛 matrix, the completed
unitary is

J𝜔K =
[

J𝜔K◦ 0
0 𝐼 2𝑞 (𝑎)−𝑛

]
.

4.1.2 Let-in Elimination. Although let-expressions ap-
pear as a primitive syntactic construct, they merely provide
a convenient notation for composing isomorphism applica-
tions. Their role is to name the result of an intermediate
computation and make it available to subsequent expres-
sions.

Consider an expression

let 𝑠 = 𝑓 𝑤 in 𝑒.

Before evaluating the application 𝑓 𝑤 , the argument 𝑤
is simplified using the bindings currently available in the
given context, generating a value 𝑤 [Γ𝑖,𝑣]. The application
𝑓 (𝑤 [Γ𝑖,𝑣]) can then be evaluated using the same procedure
described in this section.
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However, the resulting value assigned to 𝑠 is not necessar-
ily a simple basis value. Since isomorphism applications may
produce superpositions, the evaluation may yield a linear
combination ∑︁

𝑗

𝛼 𝑗𝑢 𝑗 ,

where each 𝑢 𝑗 is a pure value. Each branch 𝑗 induces a dis-
tinct continuation of the evaluation, corresponding to the
quantum parallelism property. In this case, the body of the
let-expression can be evaluated independently for every
branch and the results are recombined linearly.

This behavior follows from the fact that let-expressions,
like products, are distributive over addition and scalar multi-
plication. Precisely,

let 𝑠 = 𝑎+𝑏 in 𝑒 ≡ (let 𝑠 = 𝑎 in 𝑒)+(let 𝑠 = 𝑏 in 𝑒),
and

let 𝑠 = 𝛼 · 𝑎 in 𝑒 ≡ 𝛼 · (let 𝑠 = 𝑎 in 𝑒).
For each branch 𝑗 , matching𝑢 𝑗 against the pattern 𝑠 produces
bindings for the variables bound by 𝑠 , generating a new
context Γ𝑖,𝑣, 𝑗 . The body 𝑒 is then evaluated recursively under
Γ𝑖,𝑣, 𝑗 , producing a value

𝑒 [Γ𝑖,𝑣, 𝑗 ] .
The results of all branches are then recombined scaled to

their amplitudes, producing∑︁
𝑗

𝛼 𝑗 · 𝑒 [Γ𝑖,𝑣, 𝑗 ] .

This process is applied recursively until no let-expressions
remain. Since recursive isomorphisms are not considered,
the evaluation eventually terminates in a let-free value for
every branch. This procedure therefore provides a complete
interpretation of right-hand side expressions appearing in
clauses.

4.2 Multiplexing
The previous section showed how an isomorphism 𝜔 can be
translated into a unitary matrix J𝜔K. To generate executable
Ket code, however, a more structured representation is de-
sirable. Rather than treating J𝜔K as a mere unitary operator,
we exploit the pattern-matching structure of the original
isomorphism to decompose it into a collection of controlled
operations.
The key observation comes from the semantics of con-

trolled quantum operations: control is fundamentally a mech-
anism of syntactic invariance that selects computational
branches.
In a controlled isomorphism, this appears at the level of

product types, where a qubit acts as a controller when its
value is preserved across the transformation. When a clause

preserves the value of a given index in a product structure,
that value does not contribute to the computation of the
output state, instead, it works as a branch selector.
This notion extends naturally to sum types through the

role of its constructors inj𝑙 and inj𝑟 , which play an analogous
role to control qubits: patterns of the form inj𝑙 (𝑣) and inj𝑟 (𝑣)
determine which clause of an isomorphism is selected to
evaluation.
These preserved values and constructors tend to appear

consistently across groups of clauses, forming what we call
matching clusters. For example, note the preserving struc-
ture of the following Toffoli isomorphism, where matching
clusters are highlighted in blue and green:

𝑇𝑜 𝑓 𝑓 𝑜𝑙𝑖 : B ⊗ B ⊗ B ↔ B ⊗ B ⊗ B

:=

©­­­­­­­­­­«

⟨ff, ff, a⟩ ↔ ⟨ff, ff, a⟩

⟨ff,tt, a⟩ ↔ ⟨ff,tt, a⟩

⟨tt, ff, a⟩ ↔ ⟨tt, ff, a⟩

⟨tt,tt, a⟩ ↔ let na = 𝑋 a
in ⟨tt,tt, na⟩

ª®®®®®®®®®®¬
.

Let 𝐶 be the set of indices corresponding to positions that
are preserved within a matching cluster, given the seman-
tic interpretation of the pattern J𝑝K, and let 𝑇 denote the
remaining target-values indices. Then

𝐶 ⊆ {0, . . . , 𝑞(𝑎) − 1}, 𝑇 = {0, . . . , 𝑞(𝑎) − 1} \𝐶.

This induces a permutation of the computational basis,
constructed so that all control qubits appear before the tar-
get qubits. Let Π𝐶,𝑇 denote the corresponding permutation
matrix. The reordered unitary is

J̃𝜔K = Π𝐶,𝑇 J𝑤KΠ†
𝐶,𝑇

.

Under this reordering, the unitary acquires a quantum
multiplexer interpretation. A quantum multiplexer is an op-
erator of the form

J̃𝜔K =
2𝑘−1∑︁
𝑖=0

|𝑖⟩⟨𝑖 | ⊗ 𝑉𝑖 ,

where the first 𝑘 qubits act as control qubits and each 𝑉𝑖 is
a unitary operator acting on the remaining qubits [7]. This
reordering procedure leads to a block decomposition. When
the non-diagonal blocks are null, J̃𝜔K𝑖 𝑗 = 0∀ (𝑖 ≠ 𝑗), the
matrix represents a quantum multiplexer:

J̃𝜔K =


𝑉0 0 · · · 0
0 𝑉1 · · · 0
...

...
. . .

...

0 0 · · · 𝑉2𝑘−1


.
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Consequently, discovering amultiplexer structure involves
finding a partition (𝐶,𝑇 ) for which the reordered matrix be-
comes block diagonal, which follows from matching cluster
identification. Whenever such a partition exists, the indices
in 𝐶 are interpreted as control qubits and the indices in 𝑇 as
target qubits.

4.2.1 Rewriting. If 𝜔 : 𝑎 ↔ 𝑏 admits a multiplexer rep-
resentation, then the corresponding Ket function has the
form

def 𝜔 (𝑏0, . . . , 𝑏𝑞 (𝑎)−1):
where the qubits are partitioned into a control set 𝐶 and a
target set 𝑇 .

The implementation of J𝜔K is obtained by generating one
controlled branch for each multiplexer block

|𝑖⟩⟨𝑖 | ⊗ 𝑉𝑖 .

Let the control and target qubit indexes be respectively

𝐶 = (𝑐0, · · · , 𝑐𝑘 ) and, 𝑇 = (𝑡0, · · · , 𝑐𝑚).

For a control configuration 𝑖 = 𝑑0 · · ·𝑑𝑘 , define

𝑁𝐶 (𝑖) = {𝑏𝑐𝑟 | 𝑑𝑟 = 0 },

to be the set corresponding to negative controlling qubits.
These are temporarily inverted using the Ket construct

with around(X, [𝑁𝐶 (𝑖)]):

The branch associated with 𝑉𝑖 is then translated as

c_qbs = (𝑏𝑐0 , . . . , 𝑏𝑐𝑘 )
t_qbs = (𝑏𝑡0 , . . . , 𝑏𝑡𝑚 )
with around(X, [𝑁𝐶 (𝑖)]):
ctrl(c_qbs, 𝑉𝑖)(t_qbs)

After the negative controls have been inverted, all control
qubits are required to be in the state |1⟩, allowing the branch
to be implemented using Ket’s standard ctrl operator. Re-
peating this procedure for every configuration 𝑖 yields an
implementation of the complete operation J𝜔K. Whenever
NC(i) is empty, the with around construction can be sup-
pressed, leaving only a controlled call. The controlled branch
associated with a control configuration 𝑖 can be represented
as the circuit shown in Figure 1.

𝑞𝑐 , 𝑐 ∈ 𝐶,𝑞𝑐 ∉ 𝑁𝐶 (𝑖)

𝑞𝑐 ∈ 𝑁𝐶 (𝑖) 𝑋 ⊗|𝑁𝐶 (𝑖 ) | 𝑋 ⊗|𝑁𝐶 (𝑖 ) |

(𝑞𝑡0 , . . . , 𝑞𝑡𝑚−1 ) 𝑉𝑖

Figure 1: Circuit interpretation of amultiplexer branch
associated with control configuration 𝑖.

The same procedure is then applied recursively to each
block 𝑉𝑖 . Whenever a block admits a multiplexer representa-
tion 𝑉𝑖 , a new Ket function is generated for its implementa-
tion and invokedwithin the corresponding controlled branch.
This recursively constructs a hierarchy of controlled opera-
tions reflecting the structure of the original unitary matrix.
The recursion terminates when a block can no longer be

expressed as a multiplexer. Such blocks correspond to leaf
operations in the decomposition tree and must be synthe-
sized using a general unitary decomposition technique. In
particular, single-qubit operators can be translated using a
𝑍𝑌𝑍 decomposition, while larger blocks may require more
general synthesis procedures.

4.3 Decomposition
Several general-purpose decomposition techniques are avail-
able for this task, including the cosine-sine decomposition
[10], and the KAK decomposition for two-qubit gates [9].
These approaches provide decompositions for arbitrary uni-
tary matrices and are commonly used in quantum compila-
tion toolchains.
In this work, however, we restrict ourselves to present

the decomposition of single-qubit blocks, which arise natu-
rally as leaf nodes in the recursive multiplexer structure. For
leaf-blocks with higher qubit count, other decomposition
methods should be applied.
Formally, the ZYZ decomposition states that any unitary

operator𝑈 ∈ 𝑈 (2) can be written as

𝑈 = 𝑒𝑖𝛼𝑅𝑍 (𝛽)𝑅𝑌 (𝛾)𝑅𝑍 (𝛿)
where 𝛼, 𝛽,𝛾, 𝛿 ∈ R, and

𝑅𝑍 (𝜃 ) =
[
𝑒−𝑖𝜃/2 0
0 𝑒𝑖𝜃/2

]
, 𝑅𝑌 (𝜃 ) =

[
cos(𝜃/2) − sin(𝜃/2)
sin(𝜃/2) cos(𝜃/2)

]
.

This decomposition is particularly useful in our case be-
cause Ket already provides primitive support for rotation
gates and explicit global phase annotations. Therefore, once
the global phase is isolated, the resulting decomposition can
be translated directly into an equivalent Ket definition. The
extraction of the global phase is important because, although
a global phase has no observable effect on an isolated qubit,
it can become a relative phase when 𝑈 is used within larger
constructions, such as in controlled operations.
Given a unitary matrix, we first extract its global phase

by computing

𝛼 =
1
2
arg(det(𝑈 )).

Here, arg(𝑧) denotes the principal argument of a complex
number 𝑧 ∈ C, i.e., the phase angle 𝜃 ∈ (−𝜋, 𝜋] such that
𝑧 = |𝑧 |𝑒𝑖𝜃 . The corresponding special unitary matrix is then
obtained as

𝑈𝑆𝑈 (2) =𝑈𝑒−𝑖𝛼 ,
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such that
det(𝑈𝑆𝑈 (2) ) = 1.

Let

𝑈𝑆𝑈 (2) =

[
𝑎 𝑏

𝑐 𝑑

]
.

The rotation angles can be extracted as follows.
First, compute

𝛾 = 2 arccos( |𝑎 |).
If

sin
(𝛾
2

)
≈ 0,

then the decomposition is degenerate, and we choose

𝛽 = 0, 𝛿 = arg(𝑑) − arg(𝑎).
Otherwise, the angles are given by

𝛽 = arg(𝑐) − arg(𝑎), 𝛿 = −(arg(𝑐) + arg(𝑎)).
Therefore, the final decomposition is

𝑈 = 𝑒𝑖𝛼𝑅𝑍 (𝛽)𝑅𝑌 (𝛾)𝑅𝑍 (𝛿).
By this approach, every single-qubit gate can be repre-

sented in Ket as a composition of elementary rotations to-
gether with an explicit global phase annotation:

@𝑔𝑙𝑜𝑏𝑎𝑙_𝑝ℎ𝑎𝑠𝑒 (𝛼)
def U(q):
RZ(𝛿, q)
RY(𝛾, q)
RZ(𝛽, q)

Table 3 presents examples illustrating the proposed com-
pilation procedure. Each entry shows the semantic interpre-
tation of an SPM isomorphism alongside the corresponding
Ket code generated through controlled structures.

5 Further Work
Although the compilation procedure presented in this work is
sufficient for a subset of SPM, several extensions are required
to support the full language and broader classes of quantum
programs.

5.1 Multi-Qubit Non-Controlled Gates
The current framework assumes that all non-controlled leaf
operations act on a single qubit. Under this restriction, ev-
ery leaf block can be synthesized directly through the ZYZ
decomposition, yielding a sequence of elementary rotation
gates. While this is sufficient for demonstrating the overall
compilation strategy, it excludes a large class of quantum
operations that act on multiple qubits.

A natural extension is therefore to apply more general syn-
thesis techniques once the multiplexer extraction procedure
reaches a multi-qubit operator. Possible approaches include

the KAK decomposition for two-qubit operators, the cosine-
sine decomposition (CSD), and recursive unitary synthesis
methods.
Just as syntactic analysis is used to identify control and

target qubits, it can also guide the translation of multi-qubit
leaf blocks. In particular, some classes of transformations
admit a direct syntactic interpretation. Basis-reordering op-
erations, such as SWAP gates, correspond to permutations
of variables, while tensor-product operators can often be
identified through independent transformations acting on
disjoint subsets of variables.

The difficulty arises when these structural operations are
combined with genuinely quantum transformations. Con-
sider, for example, the operator 𝐻 ⊗ 𝑆𝑊𝐴𝑃 defined as:

𝐻 ⊗ 𝑆𝑊𝐴𝑃 : B ⊗ B ⊗ B ↔ B ⊗ B ⊗ B

:=

(
⟨ff, a, b⟩ ↔ 1√

2
⟨ff, b, a⟩ + 1√

2
⟨tt, b, a⟩

⟨tt, a, b⟩ ↔ 1√
2
⟨ff, b, a⟩ − 1√

2
⟨tt, b, a⟩

)
.

Although the procedure presented in this work is capa-
ble of constructing the corresponding matrix J𝐻 ⊗ 𝑆𝑊𝐴𝑃K,
the resulting operator does not admit a direct multiplexer
interpretation.
In this case, neither a syntactic analysis nor a matrix-

based analysis is sufficient to decompose the resulting oper-
ator. From a syntactic perspective, the isomorphism clearly
contains structural information corresponding to a variable
permutation. From a semantic perspective, however, the op-
erator also contains a quantum transformation acting on a
distinct subsystem, and thus would require a decomposition
method.

As a consequence, a complete translation procedure would
likely require both analysis to join their forces: syntactic
techniques to identify structural transformations such as per-
mutations and tensor-product decompositions, and matrix-
based techniques to synthesize the remaining quantum op-
erators.

It is also important to note that not all permutation opera-
tors can be identified through syntactic analysis alone. For
example, a programmer is not required to define a SWAP
operation through mere variable permutations. The same
operator may be specified by enumerating all basis values,
as shown below.

𝑆𝑊𝐴𝑃 : B ⊗ B ↔ B ⊗ B :=
©­­­«
⟨ff, ff⟩ ↔ ⟨ff, ff⟩
⟨ff,tt⟩ ↔ ⟨tt, ff⟩
⟨tt, ff⟩ ↔ ⟨ff,tt⟩
⟨tt,tt⟩ ↔ ⟨tt,tt⟩

ª®®®¬ .
Such a representation does not expose any syntactic struc-

ture that can be exploited by the compiler. Therefore, from
a compiler’s perspective, it is equivalent to an explicit ma-
trix representation. Consequently, a fully general compiler
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Table 3: Examples of SPM isomorphism compilation into Ket. Matching clusters are highlighted in blue and green,
while purple indicates the identity extension introduced during space completion.

Iso (𝜔) Type Clauses J𝜔K Ket Code

𝐶𝑋 B ⊗ B ↔ B ⊗ B

©­­­­«
⟨ff, a⟩ ↔ ⟨ff, a⟩

⟨tt, a⟩ ↔ let na = 𝑋 a
in ⟨tt, na⟩

ª®®®®¬

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



def cx(q0, q1):
c_set = q0
t_set = q1
ctrl(c_set,x)(t_set)

@𝑔𝑙𝑜𝑏𝑎𝑙_𝑝ℎ𝑎𝑠𝑒 (𝑝𝑖/2)
def x(q):

RZ(pi/2, q)
RY(pi, q)
RZ(-pi/2, q)

𝑇𝑜 𝑓 𝑓 𝑜𝑙𝑖

B ⊗ B ⊗ B
↔

B ⊗ B ⊗ B

©­­­­­­­­­­«

⟨ff, ff, a⟩ ↔ ⟨ff, ff, a⟩

⟨ff,tt, a⟩ ↔ ⟨ff,tt, a⟩

⟨tt, ff, a⟩ ↔ ⟨tt, ff, a⟩

⟨tt,tt, a⟩ ↔ let na = 𝑋 a
in ⟨tt,tt, na⟩

ª®®®®®®®®®®¬



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0



def toffoli(q0, q1, q2):
c_set = (q0, q1)
t_set = q2
ctrl(c_set, x)(t_set)

𝑇𝑜 𝑓 𝑓 𝑜𝑙𝑖+
(B ⊕ B) ⊕ B

↔
(B ⊕ B) ⊕ B

©­­­«
inj𝑙 (a) ↔ inj𝑙 (a)

inj𝑟 (a) ↔
let xa = 𝑋 a
in inj𝑟 (xa)

ª®®®¬



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1



def toffoli+(q0, q1, q2):
c_set = (q0, q1)
t_set = q2
with around(X, [q1]):

ctrl(c_set, x)(t_set)

for the framework must rely on a general-purpose quantum
circuit synthesis routine, such as the Quantum Shannon De-
composition, which operates on the unitary matrix directly
and has exponential cost in the number of qubits.

5.2 Infinite Types and Recursion
The approach presented in this work focuses exclusively
on finite types and relies fundamentally on the ability to
enumerate all basis values of a type.
However, this methodology does not extend to the full

SPM language, which also includes types with infinite dimen-
sion and recursive isomorphisms. In particular, list types are
interpreted over infinite-dimensional Hilbert spaces. Con-
sequently, the semantic interpretation of an isomorphism
can no longer be obtained through enumeration, making
the matrix-construction procedure proposed in this work
infeasible.
The difficulties introduced by these constructs become

apparent even in simple examples. Consider the following
recursively-defined controlled operation, where the control

qubits come from a list.

𝐶𝑋 ∗ : [B] ⊗ B ↔ [B] ⊗ B :=

𝜇𝑓 .

©­­­­­­­«

⟨[], a⟩ ↔ let xa = 𝑋 a
in ⟨[], xa⟩

⟨ff : cs, a⟩ ↔ ⟨ff : cs, a⟩

⟨tt : cs, a⟩ ↔ let ⟨cs′, a′⟩ = 𝑓 ⟨cs, a⟩
in ⟨tt : cs′, a′⟩

ª®®®®®®®¬
.

In this specific case, a matching cluster can be identified,
inducing a simple rewritten Ket code, since the Ket operator
ctrl already supports lists. However, a general translation
method should be capable of identifying more complicated
recursion schemes. This suggests that the resulting Ket pro-
gram may itself be recursive, mirroring the structure of the
source isomorphism, or alternatively be transformed into
iterative constructs, such as for-loops. Developing semantics-
preserving transformations of this kind remains an important
direction for extending the compilation framework.
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6 Conclusion
This work presented a procedure for translating quantum
isomorphisms expressed in Symmetric PatternMatching into
executable Ket code. The translation was developed for a
restricted fragment of finite types and non-controlled single-
qubit quantum operations, while preserving the high-level
structure of the original isomorphic specification.
The proposed compilation pipeline proceeds through a

sequence of semantic and structural transformations. First,
the semantics of an isomorphism is obtained by interpreting
its clauses over the basis values of the corresponding type,
yielding a unitary representation. Next, pattern-preservation
structures are exploited to identify control information, al-
lowing the unitary to be rewritten as a hierarchy of multi-
plexed controlled operations. Finally, single-qubit leaf blocks
are synthesized through ZYZ decomposition, producing exe-
cutable Ket definitions.

The resulting approach demonstrates how declarative re-
versible specifications based on symmetric pattern matching
can be systematically compiled into quantum programs. In
particular, the extraction of matching clusters provides a
direct correspondence between high-level pattern match-
ing and controlled quantum operations, bridging the gap
between semantic descriptions and circuit-oriented imple-
mentations.

Several directions remain open for future work. The most
immediate extension is the support for general multi-qubit
leaf blocks. Additional work includes the treatment of recur-
sive isomorphisms, and the investigation of more expressive
data structures, such as lists, enabling the specification and
compilation of higher-level quantum algorithms. Achieving
these goals will likely require a compilation technique that
combines syntactic analyses of isomorphism structure with
semantic manipulations of their extracted operators.

Artifact Availability
The implementation of the compilation procedure described
in this paper, together with the SPM language type checker
and interpreter, is currently under development and will
be made available in the project’s public repository: https:
//github.com/Fleivio/spm.
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